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LOCALIZED TWO-DIMENSIONAL PATTERNS MORPHOLOGY OF A
GENERALIZED NONLINEAR SCHRÖDINGER EQUATION
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RESUMEN

Se realiza una clasificación morfológica cualitativa sobre una muestra de cientos de patro-
nes bidimensionales encontrados al resolver numéricamente una ecuación nolineal genera-
lizada de Schrödinger dentro de una región de parámetros donde coexisten estos patrones
con soluciones homogéneas no triviales. Los patrones hallados van desde aquellos muy sim-
ples a otros más complejos. Aparte de la forma, cada patrón es caracterizado también por su
contenido caótico. Asimismo se observa la interacción de los distintos tipos de patrones.

Descriptores: Ecuaciones de amplitud; dinámica disipativa; sistemas dinámicos; formación de
patrones.

Código(s) PACS: 05.90.+m

ABSTRACT

A qualitative morphological classification is performed on a sample of hundreds of two-
dimensional patterns found by numerically solving a nonlinear generalized Schrödinger
equation within a region of parameters where these patterns coexist with non-trivial homo-
geneous solutions. The patterns found range from those very simple to others more complex.
Apart from the shape, each pattern is also characterized by its chaotic content. Likewise, the
interaction of the different pattern types is observed.

Subject headings: Amplitude equations; dissipative dynamics; dynamical systems; pattern
formation.

1. INTRODUCTION

Localized patterns in two dimensions, that is, of fi-
nite area, are observed in many physical contexts. To
mention just a few, we can say that they are present
in Bose-Einstein condensates as well as in optical,
magnetic, and mechanical systems. Given the large
number of works in this field, we will refer the reader
to the publications Aranson & Kramer (2002); Dan-
gelmayr & Oprea (2004); Pismen (2006) and referen-
ces therein, where different qualitative and quanti-
tative analyzes are presented, as well as their com-
parison with experimental results.

Some years ago, patterns in two dimensions that
appear when a generalized nonlinear Schrödinger
equation is solved numerically have been studied in
depth (Urzagasti et al. 2017 ). The present manus-
cript presents results of a morphological analysis of
a large set of simulations carried out solving the sa-
me equation and in the same region of parameters
given in Urzagasti et al. (2017).
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The working equation for the complex amplitude �
reads
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Details of the meaning of all terms can be found
in Urzagasti et al. (2017). However, we can mention
that it contains a dissipative term with coefficient
`, a detuning term to approach the parametric re-
sonance, a, and a forcing term, with coefficient W. Re-
garding the other terms, we can highlight that the
equation is rich in nonlinearity and this allows the
coexistence of the structures that we seek to clas-
sify morphologically with the non-trivial homogeneo-
us background.

Likewise, the connection with physics in different
scenarios is given in detail in Urzagasti et al. (2017).
This important aspect, that of the universality of
the working equation, is the main motivation of this
work.



LOCALIZED TWO-DIMENSIONAL PATTERNS MORPHOLOGY 25

(a) Circular, W = 0.667, _max = −0.003. (b) Circular, W = 0.725, _max = 0.000.

(c) Circular, W = 1.048, _max = 0.070. (d) Oval, W = 0.980, _max = 0.062.

Fig. 1.— Localized circular-like patterns.

2. RESULTS

We show some examples of the basic structures we
have found in our simulations at a = −0.05, for the
detuning parameter, and for different values of the
W driving parameter after a simulation time interval
of ΔC = 5.6 × 103 has elapsed. We have worked 359
objects, for which we have performed some kind of
basic morphological clasification by direct inspection
of the final results. The initial condition for all the
simulations was the same pulse with circular sym-
metry. All the figures below corresponding to these
examples map with a color code the modulus of the
amplitude (|�|) at the final instant. To determine the
chaotic content, we use as an indicator the maximum
Lyapunov exponent, _max, which is obtained nume-
rically using the techniques described in Urzagasti
et al. (2017).

To begin, in Fig. 1 we show different circular-like
structures. In the stationary regime these structures
are isotropic, while in the quasi-stationary and chao-
tic cases they are clustered and composed of concen-
tric chains of peaks. There are some exceptions to the
circular shape as the oval object shown in box (d) of
the same Figure.

In Fig. 2 we show some regular in shape patterns
that are found in both the stationary and quasi-
stationary regimes. In particular, the object shown in
box (d) is an exceptional stationary case in the chao-
tic zone above W = 0.8.

Figure 3 shows some simple chain-like structures.
We point out that grub and stadium structures tend

to move away from their initial position.
The simplest structures appear interacting for so-

me parameters. Examples of the resulting clusters
are shown in Fig. 4. Again, we remark how the struc-
tures involving grubs move away from the initial
central position.

Also, there are interacting systems that involve
more complex structures such as circles, pentagons,
and stadiums. Some examples are shown in Fig. 5.
Note that in the case of pentagon-grub structure the-
re are a stationary version as well as a chaotic one.

We found even more complex structures such as
those shown in Fig. 6. We remark that the cater-
pillar structure appears in both the cuasistationary
and chaotic cases.

Finally, we distinguish two general types of big
complexes: complex type I, which are composed of
several kinds of interacting complexes shuch as the
one shown in box (a) of Fig. 7, and complex type II
which are built from several interacting chains of
peaks and that have a tassel-like structure as it is
shown in the example in box (b) of the same Figu-
re. Figure 7 also shows the very big and very chaotic
structures that appear as a band-like and extended
pattern structures in box (c) and (d), respectively.
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(a) Pentagon, W = 0.668, _max = −0.003. (b) Complex pentagon, W = 0.707, _max = 0.000.

(c) Triangle, W = 0.682, _max = 0.000. (d) Complex hexagon, W = 0.838, _max = −0.001.

Fig. 2.— Localized regular patterns.

(a) Pair (simplest bound state), W = 0.717, _max = −0.002. (b) Grub, W = 0.723, _max = −0.002.

(c) Worm, W = 0.750, _max = 0.000. (d) Stadium, W = 0.712, _max = 0.001.

Fig. 3.— Localized chain-like patterns.
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(a) Pair-pair, W = 0.717, _max = −0.002. (b) Pair-one, W = 0.723, _max = −0.002.

(c) Grub-one, W = 0.750, _max = 0.000. (d) Grub-grub, W = 0.712, _max = 0.001.

Fig. 4.— Localized clusters of simple patterns.

(a) Stadium-one, W = 0.732, _max = 0.010. (b) Pentagon-circular-one, W = 0.758, _max = 0.015.

(c) Pentagon-grub, W = 0.730, _max = −0.001. (d) Pentagon-grub, W = 0.753, _max = 0.016.

Fig. 5.— Localized clusters with more complex patterns.
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(a) Complex worm, W = 0.775, _max = 0.016. (b) Cluster, W = 1.022, _max = 0.060.

(c) Caterpillar, W = 0.787, _max = 0.000. (d) Caterpillar, W = 1.032, _max = 0.047.

Fig. 6.— Localized complexes.

(a) Complex type I, W = 0.878, _max = 0.038. (b) Complex type II, W = 1.033, _max = 0.070.

(c) Band, W = 1.035, _max = 0.111. (d) Extended, W = 1.068, _max = 0.130.

Fig. 7.— Localized and extended big complexes.
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3. CONCLUDING REMARKS

In summary, we have found several types of struc-
tures whose complexity is determined by their exten-
sion and by their number of walls, trenches, and soli-
ton pulses. After an exhaustive review of the results
of hundreds of simulations, only a few types of struc-
tures were found, namely: circular, oval, triangular,
pentagonal, and hexagonal patterns; bound states of
solitons, grubs, worms, and caterpillars; stadiums,
clusters; complex irregular structures (here called
type I complexes), complex tassel-like structures (he-
re called type II complexes), and bands, which are
extensive band-shaped structures.

In general, the greater the complexity, the greater

the chaotic content; however, there are exceptions. In
particular, less complex structures can be both chao-
tic and periodic.

It should be noted that some less complex objects
acquire movement. We do not have an explanation of
the cause of this interesting effect, nor of the causes
for the formation of different patterns for very clo-
se values of the forcing parameter. These problems,
which are outside the scope of this manuscript, are
raised for further study.
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